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Simulations of liquid-crystal Fabry—Perot etalons by an improved 4 X4
matrix method
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The optical performances of a liquid crystalC) Fabry—PerotFP) etalon in various configurations

were simulated by a fastep matrix method. Results show that the FP with a 90° twisted nematic
LC is polarization insensitive if the applied voltage exceed®X of the Freedericksz transition
threshold. This method can well depict the transmission spectra of the FP cavity and, therefore, is
useful for optimizing the FP tunable filters for telecommunications.2@3 American Institute of
Physics. [DOI: 10.1063/1.1542652

I. INTRODUCTION In this article, we derived the>d4 matrix starting from
Maxwell's equations through a different way from

Wavelength-tuning devices are commonly used in specBerremafi and Wadler” In our derivation, the %4 matrix

troscopy and high-density wavelength-division multiplexingfor each slice was diagonalized, thus the equations became

system. Gratings and prisms are rather bulky even thoughery concise. We finally transferred thex4 matrix to scat-

they can perform wavelength selection remarkably well. Antering matrix. With the 44 matrix as well as scattering ma-

electrically tunable liquid crystalLC) Fabry—PerotFP) fil- trix method, we investigated the optical performance of nem-

ter is an attractive wavelength-tuning device which allowsatic LC FP cavity in various configurations. The simulation

for high finesse, low-power consumption, and compactnessesults are in good agreement with the reported experimental

In such a FP structure, LC is used as an active medium ancsults. The method is then applied to design the LC FP

the wavelength-tuning property is determined by the voltagefilters.

dependent LC phase as well as the alignment georhetry.

ITC—basgd F_P tunable fiIFers h{;\ve been exp(-arimentally- invesy FASTER 4%X4 MATRIX METHOD

tigated in different configurations. The optical behavior of

LC FP cavity has not been theoretically analyzed in detail. =~ Generally, a monochromatic plane wave consists of
The Jones matrfxand the 4«4 matriX’~’ methods are both electric[E(r,t)] and magnetid H(r,t)] field, which

most frequently used to represent the electro-optical prope€an be written asE(r,t)=E(r)exp(ot) and H(r,t)

ties of LC devices. However, the Jones matrix method is not= H(r)exp(wt). Therefore, for the medium without free

appropriate to represent the FP effect because it neglects tggarge and current, Maxwell's equations in the Gaussian

boundary conditions. On the other hand, the44matrix  units have following forms:

method does include the boundary condition and, thus, itisa ywg= ~jwB, (1)
good method for investigating the FP effect. The44matrix
method was introduced by Teitler and Her\asid later ap- V-D=0, 2
plied to liquid crystal devices by BerremAiThe key to this UxH=i

. ) . . =jwD, 3)
method is to find a %4 transfer matrix relating the tangen-
tial components of the electric and magnetic fields at the V-B=0, 4
entrance of a device to those at the exit. In an inhomoge\;vhere
neous optical medium, however, an analytical expression for
the 4x<4 matrix does not exist. In this case, the inhomoge- B=puouH, 6)
neous medium has to be divided into many slices with each
regarded as homogeneous. The thickness of each slice must Exx Exy  Exz
satisfy the condition that the thickness multiplied by the D=e€pe,E=¢€p| €yx €yy €yz|E, (6)

wave vector of the light is much smaller than a unit. A gen-

eral problem of this approach is that the required numerical . ) -
calculation time is quite long. w is the magnetic tensor. For liquid crystals, we can assume

u~1. € is the dielectric tensor, and

€zx  €zy €7z

_ 2 2.2
3Electronic mail: swu@mail.ucf.edu €xx=Ng+(Ng— no)COSZ 6 cos ¢, (7)
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€xy= €yx= (N5—N3)COS #sin¢ oS, (8) @

€x,= €,5=(N2—n?)sin# cosh cos¢, (9)

€yy= ng+(n§—ng)cos2 95”'\2 ¢, (10) al Silver
ass

€y,= €2,=(NZ—n)sind cosdsing, (11)

€,7= N2+ (n2—n2)sir? 6 (12)

wheren, andn, are the ordinary and extraordinary refractive
indices of the LC, respectively. For an arbitrary orthogonal
Xyz coordinate systeny is the angle between the LC direc-  (b)
tor and thez axis and¢ is the angle between the projection _ \|
of the LC director on thex-y plane and thex axis. Silver

For mathematical simplicity, magnetic field can be nor- Nol
malized by N-2

~ N-3
H=noH= \/22H. (13 2
€0

Layer

Liquid crystal
We will now consider a plane wave incident at oblique angle Lager

on the surface of a LC FP device as shown in Fig. 1. Without
losing the generality, we can always choosexgz coordi-
nate system to ensure the incident wave vektties on the
x-z plane, thex-y plane parallel to the surface of FP and the Silver P\
direction of the+z axis normal to the surface of FP cavity. C

Thus we have
J FIG. 1. Schematic diagram of a LC Fabry-Perot cavity divided Mtay-
19_ =0 ers. The propagation vectérlies in thex-z plane.
y

O = N W
<

. L (14
—=—jky=—]jkgsiné,
IX E
X
whereky= w+/poeg=27/(N) o€, N is the wavelength of ol A
incident light in free space. o Ey = —jkoQ
X
— HX

m T>m
[ a—~s

<

: (15
Substituting Eqs(13) and(14) into Egs.(1) and(3), we

can finally get the following equation after mathematical

derivation: where

|
T
x

- Sirt(6)

€22

€ €
— sin(6) — sin(9) 0
€72 €72

€,x —SIN(H) €2y

Exx ™ €xz €xz Exy ™ €xz 0

Q = EZZ 6ZZ e-ZZ . (16)
0 0 0 1

€ €
yz . zy .
€Eyx— € — ——SiN(0) €~ Eyz——SInz( ) O
€727 €2z

WhenQ is not a function ofz, it can be diagonalized as: used the diagonalized>¥ matrix to represent the optical
q behavior of each layer. This makes the derivation more
straightforward and equations more concise than those devel-
_ A2 1 oped by Berremdhand Wadler'.
Q=T T (17) A .
—03 For normal incidence, it is much faster to use an ex-
— Qs tended Jones matrix metHothan the 4«4 matrix method if
multiple interferences are neglected. For display cells, the
This is available for each layer even in an inhomogeneousxtended Jones matrix has been used widely. However, inter-
cell if we divide the cell into many layers to ensure that eachference effect dominates in the Fabry—Perot cavity and we
layer can be regarded as homogeneous. In this article, weave to use the ¥4 matrix method.
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As illustrated in Fig. 1, the entire LC FP system is di- where
vided into N layers. The first and last layers are reflective
dielectrics such as silver. The LC layer is divided imNe2
sublayers with each layer characterized by a corresponding
dielectric tensor. From E¢15), we can obtain the electric
and magnetic field componenks,, H,, E,, H, at exit as
the function of those at entrance

Ex

q

Ey
_h,

P= PNPN,l...Pl,

and

<

Ex
H
_ y
=P g | (18)
N —Hedy

(—jkod142)

(—Jkod2A2) T-1

n

Pn=Tn (—jkogszAz)

(—ikoasAz)

Huang, Wu, and Wu

(19

(20

andn=1,2..N. Equation(20) is the 4x4 matrix representa-
tion at the oblique incidence for each layer.

In the above derivation, we just considered the waves
propagating towards-z direction. In fact, there are always
four eigenwaves propagating in the opposite direction in
each layer of the FP cell. The two eigenwaves propagating T@il:
towards the+ z direction are transmitted waves, and the re-
maining two propagating towards thez direction are re-
flected waves. In the same medium, the amplitudes of re-
flected waves are generally much smaller than those of the 0 0
transmitted waves, therefore can be neglected but they can-
not be neglected at the entrance and exit because of the lar
reflectivity mirrors. Considering the propagation of both re-
flected and transmitted waves and using the boundary cond?

(1
2
0 o0

1
5 -

tion, we get the four eigenwaves at the exit which relate to

N| -

N

: (24)

2Ve, ]

9% and Ty, are the eigenmatrices at entrance and exit, re-
pectively. In order to simplify the calculation, we transfer
the 4x4 matrix to a scattering matrix. Defining

the four eigenwaves at the entrance as (ny; Nyl N1z Nyl
Nll_ ’ N12_ ’
N . [N21 Noa [ N2z N2y
ExN ExO
EJ E
yN [ _ yo . - _ .
e- | =N ez | (21) N31 N3 N3z N3y
XN x0 Np;= ne ol Noo= L
Eyn N Eyo 0 L Ma1 Ta2) L Mag Taa)
and Ej=[Exi], EqQ. (21) can be rewritten as
where &
Ex _ N1z Np|[Eg (25
N=Ty::PTo, (22 En] [Naw Npl[Eo |
and After some mathematics, we derive the reflected waves at the
entrance and the transmitted waves at the exit as
r o1 0 1 0 7 Eo| [Su Sw Eq 28
e , En] [Sn SullEn/
0 — 0
To=| Ver: Ver, ) (23 where Sp;=N3;', S;3=—SiNg, S;=Ny+NiSyy, Sy
0 1 0 1 =Ny,S;,. For the transmission modEy =0 so we can get
L 0 VErz 0 ~ Vé€rz EEISZIE(J)r . (27)
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90°-TN cell the rear LC director is twisted 90° from the
front? The electric field is applied in the longitudinal direc-
tion. Our simulation results agree very well with those ob-
tained from Jones matrix and Berreman’s 4 matrix meth-
ods, except for a faster calculation time.

A. Homogeneous LC cell

Figure 2 shows the simulated transmission spectra of the
unpolarized and linearly polarized input beams through a
homogeneous LC FP cell at various voltages. The spectral

A : range considered is from=1.45 to 1.65«m for telecommu-
148 1.50 155 1.80 165 nication applications. Figure(& shows the results for the
unpolarized light. There are always two modes propagating
in the FP cavity at various voltages. The vertical pulse trains
represent the ordinary optical mode wity which is inde-
pendent of the applied voltage. The other pulse train whose
transmission shifts toward the shorter wavelength side as the
applied voltage increases is attributed to the extraordinary
optical mode witm,. As the voltage increases, thg of the
LC decreases rather quickly in the beginning and then gradu-
ally saturates. As a result, the corresponding wavelength rap-
idly shifts to a shorter wavelength as the voltage increases.
Beyond 3-4V,,, the wavelength shift gradually saturates.
It takes a relatively large voltage swing to change the peak

: : transmission wavelength. These simulation results are in
145 1.50 158 1860 165 good agreement with those reported previodsly.
(b) Wavelength, pm Figures 2b) and 2c) show the results for the extraordi-
nary and ordinary rays, respectively. Here, the ordinary ray
(o mode refers to that the incident linear polarization is per-
pendicular to the LC director and the extraordinary fay
mode is parallel. The transmission of the circularly polar-
ized light is the same as that of the unpolarized light, as
shown in Fig. 2a). A circularly polarized light can also be
decomposed into two orthogonal linear polarizations, thus,
the results are superposition of FiggbRand Zc). In either
case, the LC FP in the homogeneous cell is polarization sen-
sitive.

Applied Voltage, Vi, ¢

Applied Voltage, Vi«

Applied Voltage, Vi ¢

B. 90°-TN cell

Figures 3a)—3(c) depict the voltage-dependent transmit-
tance of the 90° twist nematic LC in the FP cavity for the
FIG. 2. Woltage-dependent transmittance of a homogeneous cell in a Fabryunpo|arized and Iinearl)(e and o ray polarized incident
Perot cavity:(a) unpolarized light;(b) e ray, and(c) o ray; d=25um and - . R
the LC of E7 was used. !lght, respectively. Resullts are quite intriguing. The Freeder-

icksz threshold voltad8is defined as:

K1+ (Kgz— 2K, /4
€pA €

1.45 1.50 1.55 1.60 1.65
(¢} Wavelength. pm

[ll. RESULTS AND DISCUSSIONS

We developed a program to simulate the transmissioror anE-7 TN cell, Vy;, is ~0.96V,,,s. However, in a TN
spectra of the LC FP cavity. A commercial nemaiiz LC  cell, another optical threshdftlexists where the polarization
mixture (from Merck) was used as an example. The materialrotation effect is disrupted. FdE-7, the optical threshold is
parameters oE7 areny=1.5,n.=1.713, the dielectric an- V,,;~2.0V s (Or Voi~2Vyy). Below Vy,, the FP transmit-
isotropy Ae=14.3, the splay elastic constamt;;=11.7 tance depends on the input polarization. For a linearly polar-
X 10 12N, twist elastic constank,,=9.0x10 2N, and ized light, there is only one modeither ordinary or extraor-
bend elastic constaktz=19.5< 10" 12N. Silver with refrac-  dinary) propagating in the cavity. While for an unpolarized
tive indexn=0.2+i3.44 was used as reflectors for the FPor a circularly polarized beam, both o and e mode exist in the
cavity. Two LC cells are studied: homogeneous and 90FP cavity. In this regime, the Mauguin condition for the po-
twisted-nematidTN) cells. In a homogeneous cell, the front larization rotation effect holds so that the two modes are
and rear LC directors are parallel to each other and in a@ecoupled.
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FIG. 4. Mode propagation of a Fabry—Perot tunable filter using 90°-TN cell:
d=25um and the LC ofE7 was used. The incident light is unpolarized. At
V=0, o and e modes are separated. The peaks of the 45-50th modes are at
1.67, 1.63, 1.59, 1.565, 1.53, and Jub for o ray, and at 1.90, 1.86, 1.82,
1.78, 1.74, and 1.74m for e ray, respectively. A¥>3 V s, the TN cell is
independent of polarization and the same modes of o0 and e ray merge into

one.

—
e X
e e e . .
e, to the LC directors. Under such a circumstance, the TN LC

cell has elliptical polarization state. The elliptical polariza-

_ tion can be decomposed into two orthogonal linear polariza-
D N Y I — 165 tions such as the e and o mode, corresponding to the two
(b) Wavelength, pm separated peaks, as shown in Fig$) Iﬁqd 3c).

In the V>3V,,s (or V/V,,>3) regime, the e and o
mode merge together as shown in Fig&)33(c). This indi-
cates such a voltage-biased 90°-TN cell is independent of
polarization. In a 90°-TN cell, the two boundary layers are
orthogonal. AtV>3Vy,, the bulk LC directors are reori-
ented perpendicular to the substrates by the electric field. The
phase retardation of the two boundary layers compensates
each other. If the incoming linearly polarized light is an e ray
to the front surface, it will behave like an o ray to the rear
surface, and vice versa. As a result, the LC cell is indepen-
dent of polarization. This quantitative result was observed by
Patel in his experimental studi2©ur 4x4 matrix analyses
confirm this important experimental observation. Therefore,
(©) Wavelength, jm the TN cell has isotropic, yet tunable refractive index in the

o V>3V, regime. New applications of using 90°-TN cell for
FIG. 3. Voltage-dependent transmittance of a 90°-TN cell in a Fabry—Peropolarization-independent phase modulators could be real-
cavity: (a) unpolarized light(b) e ray, and(c) o ray;d=25um and the LC ized.
of E7 was used. As the applied voltage exceedsv3,, the LC directors
continue to tilt leading to a decreased refractive index. To
evaluate the available residual phase, we use our modified
In the Vi, <V <V, regime, the LC directors start to tilt 4x4 matrix method to calculate the wavelength shift in the
while retaining the uniform twist. Such molecular tilt de- 3—20V,,sregion. Through this wavelength shift, the change
creases the effective birefringence of the LC layer and rapef refractive index can be extracted.
idly shifts the e mode toward the short wavelength side, as  Figure 4 shows the mode propagation for an unpolarized
observed in Fig. ®). On the other hand, such molecular tilt light in a 90° twisted nematic LC FP cell. Thirteen transmis-
does not affect the o-mode propagatfdirigure 3c) shows  sion peaks appear within the 1.45-1.68n wavelength
that the o mode is affected only wh¥h>V,,regime. Thatis range atv=0, which relate to different o and e modes, re-
to say, the e mode responds to the Freedericksz transitiaggpectively. Thenth mode can be obtained from the following
threshold whereas the o mode follows the optical thresholdequation:
In the 2<V <3V, (Or 2<V/V,<3), the twist in the ond=mn. 29

LC bulk is broken so that the Mauguin condition is no longer
satisfied. Mode mixing occurs so that the eigenmodes in thén Eq.(29), nis the refractive indexd is the cell gap) is the

cavity are no longer linearly polarized along or perpendiculamwavelength, andn is the order of the mode propagating in

Applied Voltage, Vi, ¢

Applied Voltage, V. ¢

0
145 1.50 165 1.60 1.65

Downloaded 05 Mar 2003 to 132.170.162.3. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/japo/japcr.jsp



J. Appl. Phys., Vol. 93, No. 5, 1 March 2003 Huang, Wu, and Wu 2495

the FP cavity. In our simulation, we usedda=25umE7  IV. CONCLUSIONS

ggtt?]ry—Pgrot ?til'll Lirsl'n% Ii(gZ),lvE\;e can easllly gﬁ: the 45th— The transmission performances of LC FP cavity in vari-
mode within the 1.45-1.6am wavelength range as ous configurations were investigated with the fasted4na-

labeled in Fig. 4. Here we used the 48th transmission mOdagix method. The simulation results with this method are in

as an example to illustrate the voltage-dependent optic : ; : .
- . ood agreement with the previously published experimental
characteristics of the 90°-TN FP tunable filter. Below Freed- 9 P yPp P

. . "~ results. At normal incidence, the Fabry—Perot tunable filter
ericksz transition threshold, the peaks of the 48th Ord'na%ased on the 90° twisted nematic LC is polarization insensi-
and extraordinary modes are separatedy at57 and~1.78

tivelv. The tw ks beain t it tive whenV>3V,,. The modified &4 matrix method we
pm, Tespectively. -1he two peaxs begin 1o merge into Onepresent here can depict the transmission performance of the
when the applied voltages exceed3 V,s. This indicates

: S ; .~ FP cavity and, therefore, can be used for optimizing the FP
tgz'?nzr;e effective birefringence of the TN cell is zero in th'stunable filters for telecom applications,

In Fig. 4, the remaining effective refractive index of the
T.N gell is calculated to be _about O.Qﬁ( 19% of the LC ACKNOWLEDGMENTS
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