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The gap between thermal operations (TO) and enhanced thermal operations (EnTO) is an open problem raised
in [Phys. Rev. Lett. 115, 210403 (2015)]. It originates from the limitations on coherence evolutions. Here we
solve this problem by analytically proving that a state transition induced by EnTO cannot be approximately
realized by TO. It confirms that TO and EnTO lead to different laws of state conversions. Our results can also
contribute to the study of the restrictions on coherence dynamics in quantum thermodynamics.
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I. INTRODUCTION

In the resource theory of quantum thermodynamics [1], the
main problem is to figure out the allowed state conversions un-
der a set of quantum operations known as thermal operations
(TO). A thermal operation is generally constructed as follows
[2-5]. A quantum system, previously isolated, is brought into
contact with a heat bath at a fixed inverse temperature §, and
then decoupled from it after some time.

As in Refs. [6,7], two important properties of TO are
identified: (i) the time-translation symmetry, and (ii) the
Gibbs-preserving property. Conversely, these two conditions
may not be sufficient for a quantum operation to be a thermal
operation. Thus the set of quantum operations which satisfy
these properties is defined as enhanced thermal operations
(EnTO) [6,7], or thermodynamic processes in some literature
[8]. By definition, TO is a subset of EnTO. Compared to TO,
EnTO is easier to be dealt with mathematically. Further, the
two properties in the definition of EnTO correspond to the
first and second laws of thermodynamics, respectively. Thus,
EnTO is widely employed to study the constraints on state
conversions.

When only population dynamics is concerned, it has been
proven that state conversions induced by TO are equivalent
to those induced by EnTO [3,9]. This elegant result leads
to the necessary and sufficient conditions on population dy-
namics under TO [3,4,9-11]. In general quantum systems,
where coherence between energy levels may exist, one should
also take into account the constraints on coherence evolution
[6,7,12-18]. A complete set of necessary and sufficient con-
ditions for arbitrary quantum state conversions under EnTO
are provided recently [8], while it is unclear whether these
conditions are sufficient for state conversion under TO.

Although EnTO and TO acting on qubit systems are
equivalent, it is not true for high-dimensional systems. In
Ref. [6], it is discovered that there are state conversions under
EnTO which cannot be realized exactly by TO. However, it
remains an open problem whether this gap can be closed

*xyhu@sdu.edu.cn

2469-9926/2021/103(5)/052214(9)

052214-1

approximately. This open problem attracts wide attentions
from researchers working on quantum thermodynamics and
resource theories [1]. Here we formally state two versions of
the closure conjecture.

Conjecture 1. (Closure conjecture, vl) For any enhanced
thermal operation £E"TO, there exists a thermal operation £7°,
such that the distance between these two operations is small,
ie., |EENTO _ £T0| L ¢,

Conjecture 2. (Closure conjecture, v2) For any given input
state po, if the state conversion py — p is realizable by EnTO,
then there exists a state p’ such that [p’ — p| < € and the
conversion py — p’ is achievable by TO.

Apparently, Conjecture 1 implies Conjecture 2. Thus dis-
proof of Conjecture 2 is sufficient for disproving Conjecture 1.
In this paper, we will disprove Conjecture 2 with an analytical
counterexample, and hence confirm that TO and EnTO lead
to different laws of state conversions. Precisely, we consider a
qutrit system with Hamiltonian Hg = Zizo mhw |m) (m| and
in initial state |) = \/%(|O) + |1)), and a heat bath at a fixed
inverse temperature 8. We will show that the state conversion
from po = |¥0) (ol to

-0 T
Niereo 1 o | W

o=z
2 0 0 e—2ﬂﬁw

is realizable by EnTO. Then we will prove analytically that
any state p’ satisfying |p" — p| < € is not achievable by TO,
if the inverse temperature f is chosen such that 0 <« e %" «

Y31 holds.

II. THERMAL OPERATIONS AND RELATED CONCEPTS

Here we briefly review some related concepts and results.
We consider a quantum system § with Hamiltonian Hs and in
a state ps. A thermal operation £T° on S is defined as [3]

E™(ps) = Trg[U(ps ® yr)U'], )

where yg = e PHk /Tr(e PHr) is the Gibbs state of the heat
bath R, Hg is the Hamiltonian of R, S is the inverse

©2021 American Physical Society
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temperature, and U is a joint unitary which preserves the total
energy, i.e., [U, Hg + Hg] = 0.

An enhanced thermal operation on S is defined as
a quantum operation which satisfies both of the following
conditions [6]:

(i) Time-translation symmetric condition,

EEHTO (efiHStpSeiHst) — e*iHSt gEnTO (,OS)eiHSt; (3)

gEnTO

(ii) Gibbs-preserving condition,
EPTO(ys) = ys. “

If a quantum operation belongs to TO, it satisfies these two
conditions [6]. However, the converse may not be true. Hence,
TO is a subset of EnTO.

Let poy and p be the vectors of population distributions of
states po and p, respectively. Each element of the vector p
is pr = (k|p|k) (and similar for py), where |k) are energetic
eigenstates of the system. The population dynamics induced
by an enhanced thermal operation £E"T° can be written as

p =E"0(py) = p = Gpy. (5)

Here G is a matrix of transition probabilities Gy = prj =
(K'|E(lk) (k])|k') from state |k) to |k). From property (ii), the
population dynamics G induced by EnTO is a stochastic ma-
trix that preserves the Gibbs distribution. Such matrices, also
called the Gibbs-stochastic matrices, can be realized by TO
[3,9]. Hence, when only population dynamics is concerned,
TO is equivalent to EnTO.

As shown in Refs. [6,7], the coherence dynamics between
energy levels depends on both initial coherence of quantum
state and transition probabilities. For a quantum state p ex-
panded in its energy eigenbasis p = Zi,j pijli){jl, (where
Hgs|j) = E; |j)) amode of coherence is defined as an operator
0@ composed of coherence terms between degenerate gaps:

P = 3" pilidil. 6)
i,j:Ei—Ej=ho
The output coherence term after the action of an enhanced
thermal operation is bounded as [6,7]

/
loij| < Z 100.cal/PilcPjld> (7
c,d

where the primed sum Y refers to the summation over the
indices ¢, d which satisfy E. — E; =E; — E;, and pgcq =
{cl po|d).

If po and p are qubit states, TO can saturate the bound in
Eq. (7). However, for higher dimension systems, there exist
situations where TO cannot achieve the bound in Eq. (7)
exactly, while EnTO can [6].

III. SETUP

In this paper, the main system we focus on is a three-
dimensional quantum system whose Hamiltonian reads

2
Hg =" mho|m)(m|. (8)

m=0

The heat bath is at a fixed inverse temperature S. In the
following, we will label g = e=#f,

1 Do

FIG. 1. EnTO cone of the qutrit state |y) = %UO) + [1)). The
maximum value of | pg; | is presented as the color bar (gray-scale bar).
Here the parameter g = e~ #,

Because the main purpose of this paper is to disprove the
closure conjecture, a counterexample is sufficient. Thus in the
rest of the paper, we mainly consider the initial state |y) =
\/%( |0) 4+ [1)), though most of our discussions can be applied
to general input states.

The set of states which can be obtained from a given
input state p via a set of operations X is called the X cone
of p, labeled as CX(p) :={p': p' = E(p), £ € X}. The gap
between two sets of operations X; and X, can be indicated
from a gap between X; cone and X, cone of a given state. In
the following, we explicitly calculate the EnTO cone of the
state oy = |¥o) (¥ol, and show that the gap between CT(p0p)
and CE"TO(py) is non-negligible.

From Egs. (5) and (7), any state in the EnTO (or TO) cone
of pyp is in the following form:

Po P10l 0
p=|lpwle™™® P loaile® |. (9
0 l21le™ 1 —po—p;

Further, all states in the above form are equivalent to states
with ¢; = ¢ = 0 by covariant unitary operators U (¢1, ¢2) =
diag(e™, 1, €/%?). Therefore, the EnTO (or TO) cone of p
is fully described by (po, p1, |p10l, |021]), and hence can be
presented in a four-dimensional parameter space. In the fol-
lowing, we will focus on the projections of the cones on the
three-dimensional parameter space (po, p1, |p10l|). Clearly, a
gap between the projections of cones indicates a gap between
the cones.

IV. THE GAP BETWEEN TO AND EnTO
A. EnTO cone

Here we analytically calculate the EnTO cone of the initial
state pp, and visualize it in the three-dimensional parameter
space spanned by (po, p1, |p10]); see Fig. 1. The range of the
output populations is derived from the thermo-majorization
relation [3].

The maximum value of |p;g| for given (pg, p;) is obtained
as follows. According to Eq. (7), we have |pg| < %«/GOOGH.
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Thus the upper bound of |p;o| reads

max %\/ GOOGI 1

st. Gy=y,Gpy=p,G'1=1,G;; €[0,1], (10)

where y:(lquqz)T» P0=(%7%,O)T, P:(Pospl,l—

po—p1)', and I = (1, 1, 1)T. This bound is reached by the
EnTO with Kraus operators,

K™ — 22:

i, j=0:i— j=n

G 1) (1, 1)

where n = -2, —-1,0, 1,2 and G;‘j denotes the elements of
the optimal transition matrix G* which reach the maximum
in Eq. (10). We analytically solve the problem in Eq. (10) (see
Appendix A for details) and present the result in Fig. 1. As
shown in this figure, the extreme states of the EnTO cone is
continuous, namely, a small perturbation in the output popu-
lation would only result in a small variance of the maximum
value of | p19]-

B. Optimal output coherence via TO

In order to derive the maximal value of |p19| via TO, we
start from the general form of the Hamiltonian of the heat
bath,

Hy =) Egllg,, (12)
Er

where Eg are the eigenvalues of energy, and Ilg, is the
projector to the eigenspace of Ei. Here we assume that the
degeneracy of Eg is monotonically nondecreasing with Eg.

Without loss of generality, each eigenvalue Er can be
expressed as Ex = nhw + & = E(€,n), where n is a non-
negative integer and & € [0, liw). Accordingly, I1g, = I¢ .
Now we divide the Hilbert space of R as Hgr = D, H:
with H; = @, He» and He , the eigenspace of E (&, n). The
Hamiltonian of the heat bath is then rewritten as Hg = P, Hs,
where Hy = ), (nfiw + &)1l , is the Hamiltonian acting on
He . It follows that the thermal state of R reads

ve = D peve,
&

where y; = e PH: /Tr(e=PH¢) is the thermal state of Hz, and
pe = Tr(e PHe) /[, Tr(e PHe )] satisfies Y, pe = 1.
Further, the Hamiltonian of the total system reads

13)

Hgp = @HSREv (14)

&
where Hgp, = Hs ® I + [s ® H; is the Hamiltonian
acting on subspace Hg ® He. Importantly, for Hg =

>, mhw|m)(m|, the eigenvalues of Hgg, and those of Hgg,,
(where &’ # &) does not have an overlap. Therefore, any joint
unitary which satisfies [U, Hgg] = 0 is in a block-diagonal

form,
U= (15)
&

where Ug acts on Hs ® H; and satisfies [Ug, Hsg,] = 0. Now
we introduce a lemma which will simplify our subsequent
analysis.

Lemma 1. For a system with Hamiltonian Hs =
>, mhw|m)(m|, any thermal operation can be written as
E0 = ZE peE:, where & is a thermal operation induced by
a heat bath with Hamiltonian Hz = ), (nfiw + &)I¢ .

Proof. From Egs. (13) and (15), a thermal operation acting
on pg reads

E™(ps) = Trx[U (ps ® yr)U]
= TrR[@Us <Ps ® @Ps)’s) EBUQ}
& & H

= > peTre [Ue(ps ® v:)U[]
&

= pe&e(ps). (16)
&

Here & (ps) = Trg, [Us(ps ® ve )Ug] is a thermal operation
induced by a heat bath with Hamiltonian H, because ye is
the thermal state of Hy, and U satisfies [U, Hsg,] = 0. This
completes the proof.

Next, we will first consider the output population at point
(b) in Fig. 1, and show a gap between the maximum values
of |p19| which can be preserved by EnTO and by TO. Then
we will show that this gap cannot be closed approximately,
namely, the extreme state at point (b) of the EnTO cone cannot
be reached by TO, even approximately.

1. Maximum coherence via TO for output population of point (b)

At point (b) in Fig. 1, the output population reads py =

jp . . ..
]T" and p; = % For this output population, the transition

matrix is uniquely fixed as

1—¢*> 0 1
G® = 0 1 0]. 17)
q* 0 0

Due to the equivalence between TO and EnTO in terms of
population dynamics, this transition matrix can also be real-
ized by TO. In the following, we will maximize the value of
|p10] over all thermal operations which achieve the transition
matrix as in Eq. (17). The maximum value of |pjo| is denoted

as | o1

From Lemma 1, any thermal operation acting on our qutrit
system can be written as a convex roof of thermal opera-
tions & based on heat baths with a fixed energetic gap Hy =
>, (nhiw + E)Mg . Thus we have G = Y, p: Gz, where G
is the transition matrix corresponding to & . Meanwhile, it is
easy to check that for G? as in Eq. (17), G® = > peGe if
and only if G; = G for all £. It means that in order to realize
the transition matrix as in Eq. (17) by TO, each & should
also achieve this transition matrix. Hence, for any thermal
operation £TC which can realize G, we have

| (11E™00) 10} | < > pel (11 E:(p0) [0) |
&

< mgaXI (11 & (po) [0} . (18)
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Therefore, the maximum value of | p19| which can be achieved
by TO equals to the maximum value realized by thermal
operations based on a heat bath with Hamiltonian H;. Further,
the value of & does not affect the state transition of S, so we set
& = 0 without loss of generality. The effective Hamiltonian of
the heat bath then reads Hg = Zn nhwll,, and the Gibbs state

of Ris
VR=Z7/an~ (19)

The corresponding thermal operations are denoted as £1°.
The joint unitary U is in the block-diagonal form U =
@,fio U®_ where each block U® lives in a subspace with

total energy kfiw. Precisely, U® is written as
min{2,k}
uh = 3"l eul, (20)
i,j=0
where |i) and |j) are energetic states of the system S, u cisa

matrix of dimension dj_; x di_j, and d,, denotes the degener-
acy of the energy level Ex = nhw of the heat bath.

Now we define vectors Z]l-‘,-, whose kth entry is (Z],- Dk =

/yk_juf-‘j with k = max{i, j}, max{i, j} +1,... and i, j =
0, 1, 2. For example,

Uno = (/Toulo /Tittigs - -- ) Q1)

Ui = (Jrouly, 7y, - ). (22)

Further, for two such vectors A and B which satisfy that for
all I, A; and B;qarg matrices of the same size, we define the
inner product (A, B) =), Tr(.A;Bl). Then the inner product

of vectors U; ; and U, j (where i —i' = j — j) reads

5 — Z Vk jTI. (k ]Jr] )t i{j) (23)

k=max{i,j}

By substituting Eqgs. (19) and (20) to Eq. (2), we obtain that
fori—i'=j—],

1 ECUN TN = Uy, Uiy). (24)
In particular, when i = i’ and j = j’, Eq. (24) reduces to the
transition probability from j to i,

pPijj = th = ( ijs Z/[ij)~ (25)
Moreover, when i=j=1 and i'=j =0, we have
(1] EOTO(|1) 0D 10y = U O,Z/Ill) Remembering that

[(11E7°(p0) 10)] = 31 (11 E7°(I1) (0D [0) |, we obtain the
following:

( z],

TO - -
|p1o’| = max 3| Uoo, Un1)I,

st. Uoo,Uo) =1—¢* U, Un)=1. (26)

As we prove in Appendix B, the maximum in Eq. (26) is
reached by joint unitary operators whose main blocks u’; ;
(j=0,1,2, k > j) are diagonal matrices M" whose entries
aS(ij) (s=0,...,dr—; — 1) satisfy O’S(ij) € [0, 1] and
arein a nonincreasing order.

From Eq. (25), if G;; = 0 for some i and j, then Z],j =0,
which means that uf]. = 0, Vk. Therefore, the joint unitary in

the thermal operation which realizes the transition matrix as
in Eq. (17) and can reach the maximum as in Eq. (26) should
be in the following form: U 0 — Mgo,

Ml 0
1) _
v _|: 0 My, j| &7

and for k > 2,

M, go 0 ”gz
Uk = 0 (M5 o0 | (28)
us, 0 0

Because each block U® is a unitary matrix, we have
M 00 = Lay, M, 00 = I, and M{‘l =1, _, for k > 1. Further, for
k > 2, we prove in Appendix C that

k _ 1, S=0,...,dk—dk_2—1
os(Mgo) = {o, s=d, —dy 5, ....dp —1 (29)
It follows that
Kt k
Tr(MooM(I;o) = Tr(MooM{(rl)
_di k=0,1,
{dk —di, k2. (30)

It can be directly checked that this unitary can indeed achieve
the transition matrix as in Eq. (17). For example,

= Uo. Uoo) = Z v Tr[M,
k=0

00Moo]

o0
= yodo + nidi + Y_vildi —di2)=1-¢". (1)
k=2

For the last equality, we use the fact that y, = ¢*yx_, and

hence Y 02, vidi—2 = q* ) 1oy Vi2di2 = ¢°.
Now we are ready to calculate the following:

|
loto)| = E(Uoo,un)

1 & .
= 3 Y WM ]
k=0

—lG —1(1 2) (32)
=3 00—2 q).

However, from Eq. (10), the maximal output coherence via
EnTO reads

i 0] = 3V1 = ¢* (33)

Comparing Egs. (32) and (33) we observe the non-negligible
gap between |pETO| and |p[P|,

Ay = |P1nTO| - ‘/01 |

=3W1-¢—1-g)l (34)
It means that the states with py = %, D1

1= "' v 1 ¢’ ] are in the EnTO cone but not in the TO cone of
00- Th1s extends the example in Ref. [6], where only one state
in CE"TO(p)\C™(py) is found.

!
= 5 and [pyo| €
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2. Disproof of closure conjecture

Here we prove that the extreme state at point (b) of Fig. 1
in the EnTO cone of py, i.e., the state with (po, p1, [p10]) =
%(1 —¢* 1,/1 — g?), cannot be reached by TO approxi-
mately, if the temperature is proper such that 1 — g — ¢> > 0
and ¢ > 0 (or equivalently, 0 K ¢ K @).

Precisely, we consider states in the TO cone of py with
Py, P |pio.e |- Here p’, p{° is a valid population distribu-
tion in the neighbourhood of point (b), i.e., pf{’ — %(1 —¢*) <
€p and %— pﬁ“ < €y, where ¢ is small. We will prove a
non-negligible gap between the maximum value of |19 ¢, | and
BT = LT = ¢

From the linearity of the population dynamics, a pertur-
bation in the output population distribution results from a
perturbation in the transition matrix. Together with Lemma
1, it is sufficient to set the Gibbs state of R as in Eq. (19) and
restrict the entries of the perturbed transition matrix G as
|Gl(,;)€ - fo)| < €. Therefore, we define

TO V(77 1]
|pio.e | = max 3| (U5, U
st [(1=q%) — (U Uy)| < e,

L— (. Uf) < e

(35)

Here, the two restrictions come from |GE)%). = Gg(’))l < € and

|G(lli{ P Gibl)| < ¢, respectively. The following inequality is
the main result of this section:

ASo = |50 = |pfe|
>1(1—V1-¢1—q—g)(1—8)—2, (36)

where § is small. It means that when the temperature is cho-
sen properly such that ¢ and 1 — g — ¢*> are not small, the
output coherence Ipﬁ;‘TO = %\/ 1 — g2 cannot be reached ap-
proximately by thermal operations which realizes a perturbed
population dynamics.

In the following, we sketch the proof of Eq. (36), and leave
the rigorous proof to Appendix D.

From Lemma 2 in Appendix B, the maximum in Eq. (35)

. - ; . PR
is reached by joint unitary operators with u}; =M}, ,
where Mﬁ?j . are diagonal matrices with non-negative entries

in a nonincreasing order. Hence |(Lf50, ijl)| = (2]50, Z]fl) =
(Z]f] , ZJSO). Now we define

(U, Ur)

o= = U, — o). (37)
(ZE iy
Direct calculation leads to
- - 2 N
PooPin — Use- Usy)” = pij (R ), (38)
where  pho = U Us) €1 - —€. 1 —¢* +¢€]  and

pEl\lz(Lilel’Lilel) € [1 — e, 1]. Clearly,  /pyopi); > Uo- Us).
Together with pf, < pf;, we obtain

1 17 17 1
E\/pgwopelll - 7(“50’7/{161) > 4(

i, ). (39)

Because % | PojoP)s is e-close to |p]156‘TO|, and the maximum

value of (U, UE,) equals to |o]. |, Eq. (39) means that the
gap Af, cannot be closed if (ji, j1) is not small.

From the definition as in Eq. (37) and the fact that [f”1 €
[1 — e, 1], we obtain the following:

oo dk—l
@) > > > [oMl,) —a]’ —20e.  (40)
k=0 s=0

In order to evaluate the right-hand side of Eq. (40), we assume
the heat bath is large and satisfies the following.

(i) There is a set of energy levels R, such that
ZEReR Tr(ygIg,) = 1 — 8, where § is small.

(ii) For any Eg € R, Egr = mhw € R, where m = 1, 2.

(iii) For Eg € R, the degeneracies g(Eg) satisfy
|% — 1] < 8, wherem = 1, 2.

These assumptions have been employed in Ref. [3] to de-
rive the famous thermo-majorization relation.

By assumption (iii) and the condition 1 — g — ¢ > 0, we
have

dy = di—y — de—2 2 [(1 = ¢ — ¢°) = (g + ¢*)8)dy > 0,
(41)
for k7iw € R. The unitarity of the block U®) then ensures that
at least dy — (dg—1 + dy—») singular values of M(’)‘O_ . are equal
to 1. By subtracting some non-negative terms from the right-
hand side of Eq. (40), we obtain the following:

(i, 1) > Z Vi Z

kikhweR s (M}, =1

[ (M(])(O,e) — o'big]* — 2ae

= D Wi —diy — di)(1 — @)’ — e
k:khweR

> (1 —a)*(—g—g>(1 —38) —2ae.

Mo < 1525 = o(e) by definition. Clearly,
11

a(e) is e-close to /1 — g2. Together with Eq. (39), we arrive
at Eq. (36).

It is worth mentioning that, although our derivation heavily
depends on the condition 1 — g — ¢* > 0, this condition is by
no means necessary for the gap. Moreover, the bound to the
gap as in Eq. (36) is not tight. Nevertheless, these results are
sufficient for the purpose of this paper, which is to disprove
the closure conjecture with a counterexample. We will leave
the explicit problems, such as necessary conditions and tighter
bounds on the gap, to future work.

(42)

Here o <

V. CONCLUSIONS

We have disproved the closure conjecture with an analytic
counterexample. We derive the EnTO cone of a given qutrit
state, and calculate the optimal coherence preserved by TO
for a given output population distribution. We also evaluate
the upper bound on the coherence preserved by TO, if a small
perturbation on the output population distribution is allowed.
By doing so, we discover a state conversion under EnTO
which cannot be approximated by TO.

Our findings show that thermal operations and enhanced
thermal operations can lead to different laws of coherence
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evolution. Further, the methods we developed here can be
used to evaluate the upper bound on the output coherence via
thermal operations. Thus our results can contribute to studying
the restrictions on coherence dynamics under TO.
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APPENDIX A: ANALYTIC EXPRESSION
FOR ENTO CONE OF p,

In this section, we analytically solve the optimization
problem in Eq. (10). By observing the objective function in
Eq. (10), we notice that the maximum can be taken at the point
(Goo, G11) where both Gy and G, are maximal in the feasible
region.

Here we first derive the feasible region of optimization.
The transition conditions Gy = y, Gpy = p give us the fol-
lowing equations:

Gor = 2po — Goo, (A1)
Gio =2p1 — G, (A2)
Goz = [1 = Goo — q(2po — Goo)1/4° (A3)
Gi =1 - 4G — 2p1 — G/, (Ad)

where (pog, p1) is a fixed point in the hexagon in Fig. 1. By
applying the condition that above entries lie in [0,1], we give
the bounds of Gy and G as

. (A5)

1 —2gp
Goo < G < G —m1n{2p0,1,—°}

2
G" < Gy < G := min {2p1, 1, %}. (A6)
Here we omit the expressions for the lower bounds Ggi) and
G, because the central question here is to find the up-
per bound for /GyyG;. Further, by applying the condition
G' =1, we get that Gog + G19, Goi + G11 and Gg + G2
also lie in [0,1]. It follows that

Ib < Goo — G < ub, (A7)
where
1-2
Ib := max {—Zp], 2p0 — 1, M —i—q}, (A8)
—q
1 -2
ub = min{l — 2p1, 2po, a 7 (qpo—f-pl)}. (A9)
—q

The combination of Egs. (A5), (A6), and (A7) gives the nec-
essary and sufficient condition for entries Gy and Gy in a
feasible transition matrix G. The reason for sufficiency is as
follows. If one starts from a given pair of Ggp and G1; which
satisfies these three equations, other entries of G are fixed by
Egs. (A1)~(A4) and G'I = 1. Further, the transition matrix G
as such satisfies all of the four conditions in Eq. (10).

Next, we calculate the maximum in Eq. (10) for the follow-
ing three cases.

Case 1. 1Ib < Ggg — Gﬁ‘ll’ < ub

Case 2. Ib > Gj — G¥b.

Case 3. G — G'® > ub.

For Case 1, it is easy to see that Gy, = G(‘;g and G}, = G‘fll’.
For Case 2, the upper bound G}° cannot be reached by G?,
because of Eq. (A7), so we have Gj, = Ggo and G}, = Gj —
Ib. Similarly, for Case 3, we have G}, = G'® + ub and G}, =
G‘f'f To sum up, we arrive at the following analytic solution to
Eq. (10).

[ Ve Ib < G — G} < ub;
3 G (G —1b), 1b> G — Gib; (A10)
(G +ub)Gl, Gl — Gl > ub.

This solution is visualized in Fig. 1.

APPENDIX B: OPTIMAL JOINT UNITARY

In this section, we will show that, among all of the joint
unitary operators which achieve a given transition matrix, the
maximum value of |pjg| is reached by the unitary operators
whose main blocks are diagonal with non-negative entries in
a nonincreasing order. Precisely, we will prove the following
lemma.

Lemma 2. Let Hg = Zi:o mhw |m) (m| and Hi =
>, nhioll, be the Hamiltonian of the main system S and that
of the heat bath R, respectively, and [) = f(|0> + (1)) be
the initial state of S. For any (energy-preserving) joint unitary
U, one can always find another (energy-preserving) joint
unitary U, which satisfies the following.

(a) L”tk =M f P where M f ; are diagonal matrices with non-
negative entrles in a nonincreasing order.

(b) (ZJ,,, ZJ,,) = (Zj,j, Zj,]) which means that U and U lead
to the same transition matrix.

(c) |(Z/{00, U11)| < I(Uoo, U11)| which means that the output
coherence | pjo| achieved by U is no less than that achieved by
U.

The rest of this section will be devoted to the proof of this
lemma. Following the method as in Ref. [6], we perform the
singular value decomposition (SVD) to the main blocks:

= Ak, MY;BY, (B1)
where A’]f ; and B’; ; are unitary matrices, and M}‘j are diag-
onal matrices with singular values (which are non-negative
numbers) in a nonincreasing order as entries. By introduc-
ing two unitary matrices A = @P,. O[EB““"”‘ 2 Af] and B =

Di o[ Y B 1, we define a new joint unitary,
U=A"UB. (B2)
Similar to Eq. (15), U can be expressed as U =@Pr,0®

with U® = ijm 2 (]l U - Then Eq. (B2) leads to
Ktk pk
— ANk B (B3)

Now we are ready to prove that U satisfies the conditions (),
(b), and (c) as mentioned above.
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By substituting Eq. (B1) to Eq. (B3) with i = j, we have
i = AT A% MY BYT B = M. Thus, condition (a) holds.
As for condltlon (b), we employ the definition of inner

product as in Eq. (23), and obtain the following:

(uljv lj)

o0
Z Vi— ]Tr {7 f])

k=max{i, j}

Mg

k( k1 k Akt k pk
Vi Tr (B} T AGAT i B} )
k=max{i, j}
oo

= Z yk,jTr(uf‘jI uf‘j)
}

k=max{i, j

= Uy, Uj)). (B4)

Then from Eq. (25), this equality means that U and U leads to
the same transition matrix.

In order to prove condition (c), we employ the following
lemma, which was proved in Refs. [19,20] and introduced to
this problem in Ref. [6].

Lemma 3. If X and Y are d x d complex matrices, W
and V are d x d unitary matrices, and oy 2 0p > ---04 = 0
denotes ordered singular values, then

d—1

<D o (X)oy(Y)

s=0

ITr(WXVY)|

and the equality always exist for some W and V.
From this lemma, we have |Tr[ ugf) 1)Tu“]|< Zd‘ 1—1
os(uly " Nogk) = TriMy "V TM¥, 1, and hence,

o0
|Uoo. U1 <Y i [ Tr[ughudd ]|
k=1
o0
< ZVk—le[M(()g_l)TMfl]
k=1
= |@hoo. Th1)1. (BS)

This completes the proof of Lemma 2.

APPENDIX C: PROOF OF EQ. (29)

In this section, we will prove Eq. (29) in the main text. For
k > 2, we have

Mgo 0 ”gz
Uk = 0 (M| o0 |, (CI)
us, 0 0

where Mf, =1, , and M}, is a diagonal matrix with non-
negative entries in a nonincreasing order. We will first prove
that the number of zero rows in uf, equals exactly to d; —
di_>, and then show that there are d; — d;_, entries of Moo
which equal to one, while the rest of the entries of M, all
equal to zero.

Here and following, we denote the sth row of a ma-
trix X as 7(X), and the /th column of X as &;(X). From

the unitarity of U®, we have 7(U®)* . 7, (U®) = 8, and
UMY . g (UPY) = §;;. Our derivations are based on these
two equations.

For dy +dy—1 < 1,I' < dy + dy_1 + dy_>, we have §; =
GURY - EpUR) = & (uk,)* - & (uby). Tt means that the
dy—» columns of uf, are nontrivial and linearly independent.
Therefore, at least dj,_, rows of uéz are nontrivial.

For0 < s,s <dy—1ands # s, we have 0 = A, (U®)* .
Fo(U®) = Fy(uk,)* - 7y (ub,). Hence, there are at most di_»
nontrivial rows in u(’jz, and the rest of the rows of u’éz have
to be zero.

Therefore, the number of zero rows in uf, is dy — di_».
Then we have

7;(14[62){=0’ Oésgdk—dk_g—l
‘ #0, di—di 2 <s<di—1

It follows that for 0 < s < dy —di_o—1, we have 1=
A UOY 7 (UBY) = [aX(M 0)]2 and hence o,(M{,) = 1.

For dy —dirr <s<dy—1 and dy +dir) <1< di +
djs1 + dy4, the scalar product &(UR)* - & (U®) = 0 gives
JS(M(’,‘O) . ?Y(u’(jz) = 0. Meanwhile, ?f(u’(‘)z) # 0, so we have
os(My,) = 0.

(C2)

APPENDIX D: DETAILED PROOF OF EQ. (36)

In this section, we prove Eq. (36) under the condition 1 —

g — q* > 0 (or equivalently, g < @) and the assumptions
(1)—(iii) on the heat bath.
Here we start from Eq. (38) in the main text. It follows that

V PooPin 2 Uy, Uf,) and hence,

2 0|0 2 00° 1 = 1 € ? °
| H ! F0j0

Because \/m<\/1—612+6=\/1—q2+2 i,qz"’_
—?
0(62) and /Plll l = +€ —«/lli_qz — 2(12_%6 =+ 0(62),

the above equatlon becomes

1 2—¢* L, i
Afo>—<1_ ‘126> (i) €
4 20-¢>) ) J1-q¢ 4/1—¢2

+ 0(e>).

(D2)

From the definition as in Eq. (37) and the fact that ;flIl el —
€, 1], we obtain the following:

[e9] di—1
@) > ey [o(Ml,) —a] —20e.  (D3)
k=0 s=0

The reason is as follows. First, because 1 — pﬁ“ <e,

pa OVkZ '1=1, and Pm—Zk 0 Yk de— I[Uv(Mne)] ’
we have the followmg
[o.¢] dk—l
Zyk Z [1 = os(M5, )]
k=0  s=0
[e ] dkfl )
<Y n Y -aM,)]<e (D4
k=0  s=0
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By the definition as in Eq. (37),

(i, i)

S
I
-

WV
M 10e 1M
>

Vi [US(Mgo,e) - aas(M{‘LE)]z

S e
o
— (=)

(Lo (M5o. o) =] —2a[1 — o (0, )]}

\YJ
2w
1

v Y [ou(Mhy.) — ]’ — 2ue. (D5)

~
Il
=3
o
Il
S

Here for the second line, we have used as(M{‘LG) € [0, 1] and
CTS(M&),G) —a > —1.
Now we consider the kth block of U€,

k k k
My e | Upre | Upo,e

(k) _ k 13 13
U = Uoe | Mite | upe |

(D6)

13 13 13
Ur0,e Uple | Une

where kfiw € R. By assumption (iii) and the condition 1 —
qg—¢*>> 0,wehave d; > di_; +dj_>. For0 < 5,5 < di —
1 and s # s', the unitarity of U®) implies

0=7#(UP)" -7 (UP)

= ([t e [ubnc])” - Fo (b Juboc])- (D7)

Here [uf, |ug, ] is a rectangle matrix of dimension dj x
(di—1 + dy—2), which is composed of two blocks u’é,qg and
u{‘)z,é. Hence there are at most (dy_ + dy_») nontrivial rows
of [uf; |uf, ] satisfying Eq. (D7), and the rest of the
di — (di—1 + di—2) rows are zero. For F([u; uf, 1) =0,
the equality 7(U®)* - F(UP) =1 leads to oy(Mf, ) = 1.
Therefore, at least dy — (dx—1 + dir—2) singular values of
M{, . are equal to 1. By subtracting some non-negative
terms from the right-hand side of Eq. (D3), we obtain the

following:

@D > Y on Yy

k:khweR s:crx(M{;g_e )=1

[GX(M(’)‘O’G) — oe]2 — e

= Y wldi—dior —di2)(1 — @) — 20e
k:khweR
> (1 —a)*(1—q—g>)(1 —8) —2ae. (DB)

For the last line, we have used y; = y—_,q™ withm =0, 1, 2,
and hence, Y i inper Vidim = 4" Liipwer Vi-mm =

q" (1 — 8). By definition, & < /p§0/Pij1 < v/ 1_1’1_2:6 =a(e),
and hence o < /1 — g% + O(e), and
(1—a)
> [1 —a(e))

do(e)

=[1 — a(€)e=o — 2[1 — a(e)] €+ 0(e?)
de |._
=[1-V1-¢7T
_ — 2 —_ 2
_U=VIZa)C 29D L g, (D9)
N
Then Eq. (D8) becomes
(i, 1)
> [1=/1 =P — g — (A = 8)—fi(@)e + O(?),
(D10)

(1-y/1-¢>)2—¢*)(1—q—¢*)
where fi(q) =21 —g*>+
with Eq. (D2), we obtain

< o [1—y1-¢TP(—g—g¢*)1 -9
10 N

1
—Zf(ﬁl)6 +0(€),

. Together

(D11)

1—(1-¢*P1(1—g—¢*
where f(q) =2+ U= 2(‘12412()3/24 @) 4

Y51 it holds that 1 < —-
1—¢?

1
N For 0 < g <
< 2 and f(q) < 8. Then we

obtain the simpler form as in Eq. (36).
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