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Reflective liquid-crystal displays with asymmetric
incident and exit angles
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The 232 matrix methods are extended to calculate the optical behaviors of reflective liquid-crystal displays
with asymmetric incident and exit angles. Both the unfolding method and the backward-eigenwave method are
employed to derive the 232 matrix representations. The simulation results for symmetric incident and exit
angles from these two methods are identical and agree well with those obtained from the 434 matrix method
when the air–panel surface reflections are neglected. Further, the derived 232 matrix methods are applied to
the asymmetric cases with different incident and exit angles. The simulated results on the normally black ver-
tical alignment and normally white mixed-mode twisted nematic reflective displays show reasonably good
agreement with the reported experimental data. In addition, a rubbing effect related to contrast values is ob-
served and analyzed in asymmetric reflective cases. We also find that this effect has a significant influence on
the contrast ratios once the difference between the incident and exit angles becomes large. © 2005 Optical
Society of America
OCIS codes: 230.3720, 230.2090.
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. INTRODUCTION
eflective liquid-crystal displays (LCDs) exhibit some
nique advantages over transmissive ones in low power
onsumption, sunlight readability, and large aperture ra-
io, which lead to filmlike image quality.1 They have been
idely used in both direct-view and projection displays,

uch as personal digital assistants, cellular phones, and
iquid-crystal-on-silicon-based projectors. With a reflec-
ive direct-view LCD, which uses ambient light to read
ut the displayed images, surface reflection becomes a
ritical issue. To minimize surface specular reflection for
he purpose of enhancing contrast ratio, the ambient light
s incident to the panel at an angle of approximately −30°,
nd the displayed image is reflected by the embedded
umpy reflector to the observer at ,10° off the normal di-
ection, as shown in Fig. 1. That is, in a direct-view reflec-
ive LCD the incident and exit angles are not symmetric.
wing to the asymmetry of the input and output angles,

he incident and reflected beams experience different LC
irector orientations. Most previous analyses that deal
ith reflective LCDs assume normal incidence. This as-

umption is valid only for projection displays but is in-
alid for direct-view reflective LCDs. Therefore a realistic
nalysis for reflective LCDs should consider this asym-
etric feature.
In this paper we introduce two methods, the unfold-

ng method and the backward-eigenwave method, for use
n deriving the 232 matrix representations for reflective
CDs with asymmetric incident and exit beams. In these
ethods, in order to account for the slant reflector, we de-

ive a transformation matrix to correlate the exit and in-
ident electric fields on the transition slant surface of the
1084-7529/05/050966-12/$15.00 © 2
eflector. Further, a reflectance defined on the basis of the
nergy-flow diagram is introduced to deal with the asym-
etry on the panel surface. Finally, we apply our analyses

o investigate two practical LC operation
odes: normally black vertical alignment (VA)2 and nor-
ally white mixed-mode twisted nematic (MTN)3 cells. In

imulations of reflective LCDs, the 434 matrix
ethod4–12 is a commonly employed approach for calcu-

ating the optical performance under the conditions of
ymmetric incident and exit angles. However, to our best
nowledge, no systematic studies of 434 matrix method
ormulations under asymmetric incident and exit angles
ave ever been reported. Therefore to verify the accuracy
f the 232 methods here, we compare them with the
ell-known 434 matrix method only under conditions in
hich the incident angle and the exit angle are equal.
hese results agree well once the surface reflection is
liminated by surface air coatings. However, in most prac-
ical direct-view reflective LCDs, the exit angle is inten-
ionally deviated from the incident angle in order to avoid
pecular reflections. Thus our 232 methods here provide
unique capability for simulating the realistic reflective
CD.

. THEORETICAL ANALYSES
e consider that an unpolarized light enters an LC panel

t an oblique angle and is reflected back to the air as
hown in Fig. 2. Without loss of generality, we choose a
oordinate system in which the wave vector k lies in the
–z plane. Here the +z axis points from the bottom glass
ubstrate to the exit polarizer. The whole LCD system is
005 Optical Society of America
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ivided into N layers in the z direction. The retardation
lm shown in the figure can comprise more than one layer
s needed. In simulations, each film is treated as a single
omogenous layer. And in some reflective LCD devices,
pecial antireflection (AR) coatings are deposited outside
he polarizer. Under such a condition, Layer 1 should be
he AR coatings instead of the polarizer.

. Unfolding Method
ecause of the different incident and exit angles, the in-
ut and outgoing beams encounter different LC director
rientations during propagation. To facilitate the simula-
ion in the same coordinate system, we can transform the
eflective LC cell into an equivalent double-cell transmis-
ive structure by putting the mirror-image13 stacks of re-
ective LCD system below the original ones as shown in
ig. 3. We call this method the unfolding method. Such an
nfolding treatment still keeps the same reflected wave-
ector value kWexit as before. However, the incident wave
ector kW inc is replaced by its image in the equivalent
ransmissive LCD system as shown in Fig. 3.

In order for the optical simulation in each layer to be
arried out, the distribution of the optical axis in each
ayer needs to be well defined. Owing to the unfolding
onversion, the LC director distribution in the image
tacks needs to be adjusted accordingly. Figure 4 shows
he relationship between the equivalent mirror-image di-
ector and the original one. Here nW 1 is the original LC di-
ector at an azimuthal angle f and a tilt angle u, and nW

ig. 1. Schematic diagram of beam path and viewing position in
conventional hand-held reflective LCD device.

ig. 2. Schematic diagram of layer division in a direct-view re-
ective LCD system. The wave-propagation vector k lies on the
–z plane, uinc is the incident angle from the air to the LCD, and
exit is the exit angle from the LCD to the air.
2

epresents the corresponding mirror image. Since a direc-
or denotes the preferred orientation direction of only the
ocal-domain LC molecules, nW and −nW are equivalent to
ach other.14 Therefore we can translate nW 2 to the equiva-
ent director nW 3 above the x–y plane, which is just the op-
osite extent of nW 2, as shown in Fig. 4. Clearly, one can
nd that the tilt angle u8 of nW 3 is equal to that of nW 1 (i.e.,
8=u), while its azimuthal angle f8 is deviated by p from
hat of nW 1; i.e., f8=f±p.

From this conversion, the bottom image stacks also
ave their directors defined in the x–y plane as the origi-
al ones. Besides, several matrices are needed here in or-
er to correlate the electric-field components incident on
he panel surface with the outgoing ones after modula-
ion.

. Transformation Matrices in the Top and Bottom
tacks
ith the above-mentioned LC director distribution, we

an derive the 232 extended Jones matrices for the lower
irror-image layers and the original LC stacks sepa-

ig. 3. Schematic diagram of layer division in an equivalent
ouble-cell transmissive LCD structure by unfolding method. In
his equivalent structure, light enters from the bottom air into
he bottom polarizer layer and exits from the top polarizer layer
o the top air.

ig. 4. Relationship between the image director and the origi-
al director in the same coordinate system. nW 1, nW 2, and nW 3 de-
ote the original director, the mirror-image director, and the
quivalent mirror-image director, respectively.
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ately. Many efforts have been made to generalize the
32 matrix formulations for birefringent media at ob-

ique incidence.15–24 Using the light-refraction principle,
eh first discussed the case of a single birefringent plate
y considering the boundary-matching conditions be-
ween isotropic and birefringent media.15 Gu and Yeh
ater extended this method to multilayered systems, in-
luding LCDs. They assumed fictitious zero-thickness iso-
ropic media between the birefringent plates.16 On the
ther hand, Lien proposed another form of the extended
ones matrix, in which he accounted for the effects of
resnel refraction at interfaces by matching only the
lectric-field boundary conditions.17 Later, Lien and Chen
ntroduced a modified 232 matrix form, in which both
he magnetic- and the electric-field boundary conditions
re taken into consideration.18 These 232 matrix meth-
ds agree well with the 434 matrix method for conven-
ional twisted nematic transmissive cells.18 Detailed com-
arisons among various 232 matrix methods can be
ound in Ref. 20.

In our derivation of the 232 matrix formulations of the
ase of asymmetric incidence and exit, we will follow the
erivations of Lien’s approach,17 which has reasonably
ood accuracy. The overall extended Jones matrix repre-
entations of the upper original stacks sJupperd and lower
irror-image stacks sJlowerd can be expressed as

Jupper = J1J2 . . . JN−1JN, s1d

Jlower = JN8 JN−18 . . . J28J18 . s2d

here Ji is the extended Jones matrix for the upper ith
ayer and Ji8 corresponds to the ith mirror-image layer.
etailed derivations for Ji and Ji8 formulations are de-

cribed in Appendix A.
A special note regarding this unfolding treatment is

hat kx should be adjusted to k0 sin uexit, with k0=2p /l in
alculating the element matrix Ji of the exit part Jupper,
nd to k0 sin uinc for the Ji8 of the incident part Jlower. Here
inc is the incident angle from air to the display panel and
exit represents the exit angle from the panel. In addition,
he director tilt and azimuthal angles of the image stacks
hould be replaced by u8 and f8 as derived above, respec-
ively.

Matrix Jlower in Eq. (2) acts as a transformation matrix
hat correlates the incident electric fields on the reflector–
C layer interface fEx,N+1

i ,Ey,N+1
i gT with those on the air–

anel interface fEx,1
i ,Ey,1

i gT. Such a relationship can be ex-
ressed as

FEx,N+1
i

Ey,N+1
i G = JlowerFEx,1

i

Ey,1
i G . s3d

imilarly, Jupper correlates the reflected electric fields on
he air–panel interface fEx,1

r ,Ey,1
r gT with those of the

eflector–LC layer interface fEx,N+1
r ,Ey,N+1

r gT as

FEx,1
r

Ey,1
r G = JupperFEx,N+1

r

Ey,N+1
r G . s4d
. Transition Matrix on the Reflector Interference
n practical direct-view reflective LCDs, a slant bumpy re-
ector is intentionally designed to make the light exit
ngle different from the incident angle so that the images
re deviated from the specular surface reflections. Owing
o this special design, on the bumpy reflector surface the x
nd y components of the reflected electric field
Ex,N+1

r ,Ey,N+1
r gT are generally not equal to the corre-

ponding incident fields fEx,N+1
i ,Ey,N+1

i gT. However, they
an be correlated by a transition matrix. Figure 5 depicts
he field reflection diagram.

Figure 5 plots the electric-field orientations on the
umpy reflector surface. Here the light is incident at an
ngle ui from the z axis and reflected at ur. The tangential
eflection surface on the reflector, shown as the dashed
ines in Fig. 5, can always be uniquely defined. From Fig.
we can derive the following equations correlating the in-

ident tangential-field components (x and y components)
nd their corresponding incident parallel (i) or perpen-
icular (') ones as

Ex,N+1
i = − Ei,N+1

i cos ui, s5d

Ey,N+1
i = − E',N+1

i . s6d

ere Ei,N+1
i and E',N+1

i are the parallel and perpendicular
lectric-field components impinging on the reflector sur-
ace, and their x and y components are Ex,N+1

i and
y,N+1
i . ui is the incident angle with respect to the +z
xis and can be easily obtained by Snell’s law as

ui = sin−1ssin uinc/nLCd. s7d

ere nLC stands for the average LC refractive index.
rom Fig. 5, similar relationships for the reflected electric
elds can be expressed as

Ex,N+1
r = Ei,N+1

r cos ur, s8d

Ey,N+1
r = E',N+1

r , s9d

ur = sin−1ssin uexit/nLCd. s10d

n a reflective LCD, aluminum is commonly used as the
umpy reflector. The metallic reflector can be assumed to
e a perfect conductor; thus the reflected electric and in-
ident fields have equal parallel and perpendicular ampli-
udes. This relation leads to

ig. 5. Schematic diagram of the beam path in the LC cell and
he field reflection on the surface of the reflector; the dashed line
epresents the tangential reflection surface on the bumpy
eflector.
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FEx,N+1
r

Ey,N+1
r G = 3−

cos ur

cos ui

0

0 − 1
4FEx,N+1

i

Ey,N+1
i G . s11d

he minus signs in Eq. (11) denote one p phase change by
he metallic reflector. Therefore the transition matrix JTR
an be written as

JTR = 3−
cos ur

cos ui

0

0 − 1
4 . s12d

This matrix JTR accounts for the slant shape of the re-
ector. With matrices JTR, Jlower, and Jupper, the x and y
omponents of the electric fields between the exit and the
ncident waves just beneath the surface of LCD panel can
e correlated as

FEx,1
r

Ey,1
r G = JupperJTRJlowerFEx,1

i

Ey,1
i G , s13d

here

JupperJTRJlower = J1J2 . . . JN−1JNJTRJN8 JN−18 . . . J28J18 .

s14d

. Interface Matrices Induced from Index Mismatch
onsidering the loss at the air–panel interface due to the
efractive index mismatch, two additional interface ma-
rices need to be introduced.17,21 In the entrance side, the
nterface matrix is

Jent = 3
2 cos u18

cos u18 + n1 cos uinc

0

0
2 cos uinc

cos uinc + n1 cos u18
4 , s15d

here u18 is the light incident angle in the first layer under
he panel surface and can be obtained by Snell’s law as
18=sin−1ssin uinc/n1d, while n1 stands for the average
alue of the real parts of ne and no of the first layer under
he surface, such as the first layer of the AR coatings or
he polarizer. On the exit side, the interface matrix be-
omes

Jext = 3
2n1 cos uexit

cos u1 + n1 cos uexit

0

0
2n1 cos u1

cos uexit + n1 cos u1

4 , s16d

nd similarly u1=sin−1ssin uexit /n1d.
Therefore the overall 232 matrix representation for

he whole system can be written as follows:

J = JextJ1J2 . . . JN−1JNJTRJN8 JN−18 . . . J28J18Jent. s17d

ith this 232 matrix J, the exit tangential electric fields
ecomes
FEx,air
exit

Ey,air
exit G = JFEx,air

inc

Ey,air
inc G , s18d

here fEx,air
inc ,Ey,air

inc gT and fEx,air
exit ,Ey,air

exit gT denote the inci-
ent and the exit tangential electric fields, respectively, in
ir.

. Reflectance Correction Coefficient Based on
nergy-Flow diagram
n common reflective LCD systems, the incident light is
sually from a diffusive light source, such as ceiling light
r sunlight, rather than from a point source. However, in
real display panel characterization, the LCD panel is

sually illuminated by a highly collimated light. Thus the
ncident and exit lights can be assumed to uniformly en-
er or exit the LCD panel. In other words, the incident
ight is not focused and can be assumed to impinge on the
anel surface in parallel. Therefore the power of the inci-
ent or the exit light can be expressed as the product of
he intensity and its transverse area along the propaga-
ion direction. For symmetric incidence and exit, the
ransverse areas for the two lights are equal. In such a
ondition, the reflectance is defined as the ratio of the re-
ected (output) power to the incident (input) power in the

ollowing form:

R =
Pout

Pin
=

uEx,air
exit /cos uexitu2 + uEy,air

exit u2

uEx,air
inc /cos uincu2 + uEy,air

inc u2
. s19d

owever, for the case of asymmetric incidence and exit,
he incident and exit beams have different transverse ar-
as along the propagation direction in the air. Therefore
he ratio of the areas should be taken into consideration.
igure 6 shows a plot of the beam path for the incident
nd exit waves. The incident beam has a transverse
ength AD, and that of the exit beam is KL. Therefore,
ince the covered ranges for the two lights in the y direc-
ion are equal, the input power and the exit power in
hese cases can be defined as

Pin = suEx,air
inc /cos uincu2 + uEy,air

inc u2dAD, s20d

nd the output power to air is

Pout = suEx,air
exit /cos uexitu2 + uEy,air

exit u2dKL. s21d

The ratio of KL to AD can be obtained from the geomet-
ic relations as shown in Fig. 6. The values of the refrac-
ive indices of the LCD layers (e.g., polarizer, glass, and

ig. 6. Schematic diagram of energy-flow-defined reflectance
ith asymmetric incident and exit angles in R-mode LCD.
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C) are usually rather close; therefore the incident and
xit beams experience negligible change in propagation
irection in the LC panel. From the theory of geometry,
riangles EFG and EFH are equivalent to each other.
his results in EG=HF, which further leads to BC=IJ.
ince BC=AC cos u18 and IJ=IK cos u1, AC and IK will
ave the following relation:

AC cos u18 = IK cos u1. s22d

oreover, since AD=AC cos uinc and KL=IK cos uexit, the
atio of KL to AD becomes

hcorr =
KL

AD
=

IK cos uexit

AC cos uinc
=

cos u18

cos u1
·

cos uexit

cos uinc
. s23d

e define this ratio as hcorr, which is a correction coeffi-
ient of the reflectance for the asymmetric cases. It is easy
o prove that hcorr is equal to 1 if the incident and exit
ngles are equal. Here if the average index difference be-
ween different layers is large, the shift of the beam path
eeds to be considered into the form of hcorr.
From Eqs. (20)–(23) the reflectance has the following

xpression:

R =
Pout

Pin
=

uEx,air
exit /cos uexitu2 + uEy,air

exit u2

uEx,air
inc /cos uincu2 + uEy,air

inc u2
cos u18

cos u1
·

cos uexit

cos uinc

s24d

f we consider an unpolarized light with equal TE and TM
omponents, we can assume
a
t

t
w
fl
w
m
v
w
t
b
l
e
s
o
w
t
l
b
fi

FEx,air
inc

Ey,air
inc G = Fcos uinc

eiw G , s25d

here w denotes the phase difference between the TE and
he TM components.

Equations (20) and (25) will result in

Pin = SU Ex,air
inc

cos uinc
U2

+ uEx,air
inc u2DAD = 2AD. s26d

he x and y components of exit electric fields can be ob-
ained from Eq. (18) as

FEx,air
exit

Ey,air
exit G = FJ11 J12

J21 J22
GFEx,air

inc

Ey,air
inc G . s27d

xpanding this equation, along with Eq. (25), leads to

Ex,air
exit = J11 cos uinc + J12e

jw, s28d

Ey,air
exit = J21 cos uinc + J22e

jw. s29d

herefore the output power can be expressed as

Pout = SU Ex,air
exit

cos uexit
U2

+ uEx,air
exit u2DKL. s30d

e can expand the Pout, and it will have the following
orm:
Pout = S uJ11u2 cos2 uinc + uJ12u2 + J11 cos uincJ12
* e−jw + J11

* cos uincJ12e
jw

cos2 uexit
+ uJ21u2 cos2 uinc + uJ22u2 + J21 cos uincJ22

* e−jw

+ J21
* cos uincJ22e

jwDKL. s31d
f we take the average value of Pout with respect to the
hase w, the average output power can be given as

Pout
av = S uJ11u2 cos2 uinc + uJ12u2

cos2 uexit
+ uJ21u2 cos2 uinc + uJ22u2DKL.

s32d

rom Eqs. (26) and (32), the overall reflectance of an un-
olarized light is given as

R =
uJ11u2 cos2 uinc + uJ12u2 + cos2 uexitsuJ21u2 cos2 uinc + uJ22u2d

2 cos2 uexit

3
cos u18

cos u1

cos uexit

cos uinc
. s33d

. Backward-Eigenwave Method
n this section, another method to calculate the system
32 matrix for reflective LCDs with asymmetric incident
nd exit angles is introduced. This method takes advan-
age of the eigenwaves’ properties in a LC cell.

In an LC cell, if a forward wave propagates from bot-
om to top as shown by the bold arrows in Fig. 7, a back-
ard wave (the dashed arrow lines) that stands for the re-
ected one will be excited simultaneously, and these two
aves will have the same angles u with respect to the nor-
al direction. With the symmetry relationship from re-

ersal invariance of Maxwell’s laws12 in the LCD system,
e can obtain simultaneously the 232 element matrices

o correlate the field components of both forward and
ackward waves between two subsequent homogeneous
ayers. In a reflective LCD with asymmetric incident and
xit angles, the incident wave can be viewed as the corre-
ponding backward part of a forward wave with an angle
f uinc, and the reflected wave can be taken as the forward
ave with an angle of uexit, as illustrated in Fig. 7. With

his treatment, we can solve the wave-propagating prob-
em in a LC system with an angle of uinc to obtain the
ackward matrix. This matrix can further correlate the
eld components in the incident beam between two layers
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n the asymmetric light incidence and exit. Similarly, we
an solve that wave-propagating system but with an
ngle of uexit to obtain the forward matrix, which can cor-
elate the field components between two layers in the re-
ected beam in the above-mentioned asymmetric case.
herefore the two matrices can be derived in the same xyz
oordinate. It does not require any special transformation
f director distribution, unlike the image treatment in the
nfolding method. We call this method the backward-
igenwave method.

Here, to obtain the formulations of the backward and
orward 232 matrices, we need to solve the eigenwaves of
he 434 coupling matrix as in the derivations of the con-
entional 434 matrix method. The 434 matrix method
y solving eigenwaves was originally proposed by Eidner
t al.9 Stallinga12 later further extended this scheme in
eriving the 434 matrix method to reflective LCDs. In
ef. 12, the computing speed is improved by a factor of 2
y use of the symmetry relation from the reversal invari-
nce of Maxwell’s laws. Here the faster speed by a factor
f 2 could also be obtained by using the analytic approach
ith the Lagrange–Sylvester extrapolation
olynomial.6,7,11 In Appendix B we provide a systematic
erivation of the 434 matrix and its eigenwaves, which
urther generates the formulations of the 232 element
atrices for the backward-eigenwave method discussed

ater in this paper.
Returning to the reflective LCD structure as in Fig. 2,

he incident tangential fields on the interface of the
eflector–LC layer fEx,N+1

i ,Ey,N+1
i gT and the fields on the

ir–panel interface fEx,1
i ,Ey,1

i gT can be correlated once we
efine the overall transforming matrix in the inside
tacks for the incident wave as Je

inc. Their relation can be
hown as

FEx,N+1
i

Ey,N+1
i G = Je

incFEx,1
i

Ey,1
i G , s34d

ith

Je
inc = sJe,N

− d−1sJe,N−1
− d−1 . . . sJe,2

− d−1sJe,1
− d−1, s35d

here kx=k0 sin uinc. Similarly, we can define the overall
ransforming matrix in the inside stacks for the reflected

ig. 7. The top figure shows schematically the forward propa-
ation (bold arrow) and backward propagation (dashed arrow)
hrough a layer. The bottom figure shows that the incident wave
rom top to bottom can be viewed as the backward part (dashed
rrow) with an angle of uinc.
ave as Je
r, which correlates the reflected electric fields on

he air–panel interface fEx,1
r ,Ey,1

r gT with those on the in-
erface of the reflector–LC layer fEx,N+1

r ,Ey,N+1
r gT as

FEx1
r

Ey,1
r G = Je

rFEx,N+1
r

Ey,N+1
r G , s36d

ith

Je
r = Je,1

+ Je,2
+ . . . Je,N−1

+ Je,N
+ , s37d

here kx=k0 sin uexit. The detailed formulations for ele-
ent matrices Je,i

− of Je
inc and Je,i

+ of Je
r are provided in Ap-

endix B.
With the transition matrix JTR in Eq. (12) and surface

ompensation matrices Jext and Jext, we can express the
verall 232 matrix formulation for electric fields for the
eflective LCDs as

Je = JextJe
rJTRJe

incJent. s38d

y inserting matrix Je into Eq. (33), we can obtain the
verall reflectance.

. NUMERICAL EXAMPLES
o illustrate these 232 matrix methods, we give some nu-
erical examples for the two commonly employed reflec-

ive LC modes: normally black VA and normally white
TN cells.
For the VA mode, we chose MLC-6608 (from Merck) as

he LC material. Its parameters are ne=1.5578, no
1.4748, ei=3.6, e'=7.8, K11=16.7 pN, K22=7.0 pN, and
33=18.1 pN. For the MTN mode simulations, we chose
LI-4792 (from Merck). The material parameters are ne
1.5763, no=1.4794, ei=8.3, e'=3.1, K11=13.2 pN, K22
6.5 pN, and K33=18.3 pN.
A single polarizer with a broadband quarter-wave film

s used to work as cross-polarizer structure for the direct-
iew reflective display. The complex polarizer refractive
ndices are assumed to have ne=1.5+ j0.00220820 and no
1.5+ j0.00003222 with j=Î−1, and the thickness of the
olarizer is 190 mm. For the broadband quarter-wave
lm, we use the structure shown in Fig. 8, which is com-
osed of a chromatic quarter-wave film and a chromatic
alf-wave film.25 The ne of the quarter-wave film is 1.5110
nd the no is 1.5095, with a film thickness of 91.6667 mm

ig. 8. Structure of a broadband quarter-wave film, which com-
rises one chromatic quarter-wave film and one chromatic half-
ave film. The quarter-wave film has an optic axis with an angle
f 75° to the transmission axis of the polarizer. The half-wave
lm has an angle of 15° to the transmission axis of the polarizer.
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at l=550 nm). The half-wave film has ne=1.5123 and
o=1.5089 with a film thickness of 80.8824 mm (at l
550 nm).
For the case of symmetric incidence (including normal

ncidence), we employ the 232 unfolding method and the
32 backward-eigenwave method and compare results
ith those of the well-established 434 matrix method.
he 434 matrix method takes in the specular panel sur-

ace reflections, which the 232 matrix methods will not
nclude. Therefore in this part of the simulation, the AR
oating is introduced on the surface of the polarizer to
liminate the effect of symmetric specular surface reflec-
ions. Once validated, the 232 matrix methods are ex-
ended to the asymmetric incident- and exit-angle case, in
hich, to our knowledge, no systematic 434 matrix
ethod formulations have ever been studied. In these

ases, the surface reflection is greatly eliminated by the
ffset reflectance mechanism.26 Therefore the AR coating
s removed from our simulation. In all, our methods pre-
ented here enable us to optimize realistic reflective
CDs.

. Symmetric Incidence Case
he VA mode has been widely used in reflective LCDs ow-

ng to its high contrast ratio. The LC cell gap in our simu-
ation is 2.2 mm with a pretilt angle of 88°. Figures 9(a)
nd 9(b) show the simulated voltage-dependent reflec-
ance curves from the unfolding backward-eigenwave and
he 434 matrix methods for the normal incidence and the
ymmetric oblique incidence (uinc=−30° and uexit=30°)
ases, respectively. From these figures, the three methods
gree very well. The results of the unfolding and the

ig. 9. Electro-optical properties of symmetric incidence for (a)
30° and uexit=30° with different methods for a VA mode, (c) no
inc=−30° and uexit=30° with different methods for an 80° MTN m
ackward-eigenwave methods are identical to each other.
negligible discrepancy between the 232 and the 434
atrix methods is found, which stems from the weak in-

ernal multiple reflections between different layers. Here
he surface reflections have already been greatly elimi-
ated by the panel’s AR coating.
The MTN cell is also commonly used in reflective LCDs

ecause of its large cell-gap tolerance and simple fabrica-
ion process. Figures 9(c) and 9(d) show the VR curves of
normally white 80° MTN mode from these three meth-

ds for normal incidence and symmetric oblique incidence
uinc=−30° and uexit=30°) cases, respectively. In the simu-
ations, the LC cell gap is controlled at d=2.81 mm and
he pretilt angle is 2°. Similarly, excellent agreement be-
ween these methods are observed from these figures
hen the surface reflection is eliminated by the panel’s
R coating.

. Asymmetric-Incidence Case
n the case of asymmetric incidence and exit, we will ap-
ly the derived 232 matrix methods to calculate the op-
ical performance of a real reflective LCD with slant mi-
roreflector. Among all the performance parameters,
ontrast ratio is the most critical figure of merit in direct-
iew reflective displays, as it is directly affected by the
uality of the dark state. In direct-view reflective LCDs,
wo main factors determine the contrast ratios: surface
eflection and light leakage in the dark state. Regarding
he surface-reflection, in order to avoid overlapping the
xit lights with specular reflections the ambient light usu-
lly illuminates the LCD panel at −30° and the modu-
ated light is guided out of the panel to the viewer in a

l incidence case with different methods for a VA mode, (b) uinc=
cidence case with different methods for an 80° MTN mode, (d)
norma
rmal-in
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one from 0° to +20° with respect to the normal direction
f the panel.26 This type of distribution cone of light is
aused by the nonideal surface roughness.26 This treat-
ent in practical reflective LCDs will greatly reduce the

ffect of specular surface reflection, and this reduction en-
ances the contrast ratio of the real device.
Besides the surface reflection, the light leakage from

C cell is also critical in determining the contrast ratio.
maller residual phase retardation in the dark state will

ead to a higher contrast ratio. The overall phase retarda-
ion is a summation of those accumulated values from
oth incident and exit beams. However, when the incident
nd exit angles are different in the fixed study coordinate,
he rubbing diagram of boundary LC molecules can
reatly affect the light leakage in the dark state. Figures
0(a) and 10(b) show the two different rubbing diagrams
n a VA and a MTN cell, respectively. Theoretically, rub-
ing diagram 2 accumulates less overall phase retarda-
ion than does rubbing diagram 1. This effect will be
learly demonstrated and further interpreted in the nu-
erical simulations.
In calculating the contrast ratio, in order to approxi-
ate the guiding function and surface roughness of the
icro-slant bumpy reflector, we simply let uexit be scanned

rom 0° to 20° with a step of 5° at a fixed uinc=−30°. Fig-
re 11 shows four viewing-angle-dependent contrast
urves with different rubbing diagrams for both VA and
0° MTN cells. Here we take V=0.7 Vrms and V=5 Vrms as
he OFF- and ON-state voltages for the VA cell. For the 80°
TN cell, the OFF- and ON-state voltages are defined at
=5 Vrms and V=0.7 Vrms, respectively. Under rubbing

ig. 10. Rubbing diagrams under asymmetric light incidence
iagram 1, the calculated contrast ratios for the VA cell at
exit=0°, 5°, 10°, 15°, and 20° are ,135:1, 140:1, 133:1,
16:1, and 93:1 at the above-mentioned OFF and ON states.
he average contrast ratio is ,123:1. In the simulations,
he internal multiple reflections by the indium-tin-oxide
ITO) layers are ignored, and we assume that in this
mall viewing cone the specular surface reflection is neg-
igible owing to offset reflectance mechanism (no AR coat-
ng is used in the simulation). Otherwise, the simulated
ontrast ratio values may be reduced. If the VA cell is ini-
ialized under rubbing diagram 2, the corresponding con-
rast values are ,228:1, 216:1, 183:1, 142:1, and 103:1
ith an average value of ,174:1. Sugiura et al.27 re-
orted a contrast value of ,80:1 for a reflective VA mode
ith a slant reflector. The lower contrast ratio observed
y Sugiura might originate from the imperfect elimina-
ion of a small amount of surface slant reflection and in-
ernal multiple reflections induced by the ITO electrodes,
hich degrade the contrast ratio. The rubbing-direction-

nduced contrast ratio difference for the VA cell here is not
arge because the nontwisted LC directors have large po-
ar angles.

However, it can be seen from Fig. 11 that the rubbing
iagram has a significant effect on the contrast ratio of an
0° MTN cell. The simulated contrast ratios at uexit=0°,
°, 10°, 15°, and 20° are ,8:1, 9:1, 11:1, 13:1, and 15:1
ith an average value of ,11:1 under rubbing diagram 1.
nce the cell is changed to the rubbing diagram 2, the

orresponding contrast values are enhanced to ,99:1,
18:1, 104:1, 71:1, and 44:1 with an average value of
87:1. The rubbing-diagram-induced contrast ratio dif-

erence is dramatic. In a high-voltage region (dark re-
ion), the central LC molecules tilt up almost perpendicu-
arly to the substrate. But owing to the strong anchoring
nergy on the top boundary, the polar angle of the LC mol-
cules will gradually decrease to the pretilt angle value
2°) with twist as their positions change from the center to
he top of the cell. With this LC director profile in the
ark state, the effective ne values for the exit lights in the
wo diagrams are close to each other if the exit angle is
lose to the normal direction; i.e., the accumulated phase
etardation for the reflected beams is little different be-
ween rubbing diagrams 1 and 2. However, for the inci-
ent beams (approximately −30°), the accumulated phase

ig. 11. Viewing-angle-dependent contrast-ratio plot for both
A and MTN modes under different rubbing diagrams.
or (a) a VA cell, (b) a MTN cell.
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etardation will have a much smaller value under rub-
ing diagram 2 than under rubbing diagram 1, since the
arallel part of incident wave views a smaller effective ne
alue under rubbing diagram 2. As a result, rubbing dia-
ram 2 will produce much less overall residual phase re-
ardation, which generates a higher contrast ratio. This
henomenon is not obvious in normal incidence. And the
arger the difference between incident and exit angles,
he more significant this effect will be in a MTN cell.

An ERSO group demonstrated a reflective LCD using
0° MTN cell and slant reflector.26 For the case with uinc
−30° fixed and uexit scanned from 0° to 20°, the experi-
entally measured maximum contrast ratio is .30:1.
his result is somewhat lower than our simulated results.
he imperfect elimination of a small amount of surface
lant reflection and internal multiple reflections induced
y the ITO electrodes are responsible for the degraded
ontrast ratio. Furthermore, in the ERSO experiments, it
s observed that when the spot light source is fixed at
inc=−30°, the observed residual surface reflection always
ncreases as the exit angle approaches from 0° to +20°.
ere, if the small amount of surface reflection is the only
ominant factor to determine the contrast ratio at small
xit angles, it would predict a continuous decrease in con-
rast values as the exit angle gets larger, since the in-
reasing surface specular reflections will degrade the con-
rast ratio dramatically. However, both the ERSO
xperiments and our numerical simulations show the con-
rast values first increase to a peak at uexit= ,5° and then
ecrease as the exit angle further increases. This phe-
omenon demonstrates that the light leakage from an LC
ell is the dominant factor determining the contrast val-
es, and our 232 method is capable of obtaining the right
odulation information of light from the LC cell under

he asymmetric case.
To improve the contrast ratio of the normally white
TN display, the 90° twisted angle can be considered. In

he voltage-on state, the phase retardations of the bound-
ry layers compensate each other. As a result, the dark-
tate voltage is reduced and the contrast ratio is en-
anced. A drawback of the 90° MTN cell, in comparison
ith the 80° MTN cell, is the slightly reduced

eflectance.1,13

. CONCLUSIONS
e have derived two 232 matrix representations: the

nfolding method and the backward-eigenwave method
or describing the asymmetric incident and exit angles of
realistic direct-view reflective LCD. In those symmetric

ases, the 232 matrix methods agree well with the 434
atrix method, but their calculation speed is much faster

han the 434 matrix method. These two 232 matrix
ethods are also applied to simulation of the normally

lack vertical alignment and the normally white mixed-
ode twisted nematic reflective LCDs in a study of the

ontrast values of the asymmetric cases. A rubbing effect
n the case of asymmetric incident and exit light is ob-
erved and analyzed. The simulated results agree reason-
bly well with the reported experimental data.
PPENDIX A: UNFOLDING METHOD
n a homogeneous-uniaxial-medium layer with tilt angle

and azimuthal angle f, we can express the dielectric
ensor as17

eJ= 3exx exy exz

eyx eyy eyz

ezx ezy ezz
4 , sA1d

ith

exx = no
2 + sne

2 − no
2dcos2 u cos2 f, sA2ad

exy = eyx = sne
2 − no

2dcos2 u sin f cos f, sA2bd

exz = ezx = sne
2 − no

2dsin u cos u cos f, sA2cd

eyy = no
2 + sne

2 − no
2dcos2 u sin2 f, sA2dd

eyz = ezy = sne
2 − no

2dsin u cos u sin f, sA2ed

ezz = no
2 + sne

2 − no
2dsin2 u, sA2fd

here no and ne are the ordinary and the extraordinary
efractive index, respectively, of each medium layer. For
bsorption materials such as a polarizer, the refractive in-
ices are complex values. With the dielectric-tensor infor-
ation, the element extended Jones matrix for each layer

an be specified.
For the ith sublayer, its element matrix Ji is equal to17

Ji = sSGS−1di, si = 1,2, . . . ,Nd, sA3d

ith

S = F 1 c2

c1 1G , sA4d

G = Fexpsikz1did 0

0 expsikz2did
G , sA5d
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here di is the thickness of the corresponding ith layer

nd
kz1

k0
= hfno

2 − skx/kod2gj1/2, sA6d

kz2

k0
= −

exz

ezz

kx

k0
+

none

ezz
HFezz − S1 −

ne
2 − no

2

ne
2 cos2 u sin2 fDskx/k0d2GJ1/2

, sA7d

c1 =
fskx/k0d2 − ezzgeyx + fskx/k0dskz1/k0d + ezxgeyz

fskx/k0d2 + skz1/k0d2 − eyygfskx/k0d2 − ezzg − eyzezy
, sA8d

c2 =
fskx/k0d2 − ezzgexy + fskx/k0dskz2/k0d + exzgezy

fskz2/k0d2 − exxgfskx/k0d2 − ezzg − fskx/k0dskz2/k0d + ezxgfskx/k0dskz2/k0d + exzg
. sA9d
A
s

w
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F
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ere kx=k0 sin u is the x component of the wave vector,
hich is consistent in all layers, where k0=2p /l and u is

he incident angle in air with respect to the +z axis.

PPENDIX B: BACKWARD-EIGENWAVE
ETHOD
complete solution of Maxwell’s equation leads to the 2
2 matrix formulations for the forward and backward
aves. The procedures are similar to the 434 matrix for-
ulation, which can be derived by solving the eigenvalues

nd eigenvectors of the matrix denoting the linear Max-
ell equations for transverse field components.9

In our derivation for the reflective LCDs with the
ackward-eigenwave method, we will take the coordinate
ystem shown in Fig. 2. For simplicity, we normalize the
agnetic field H as

Ĥ = sm0/e0d1/2H. sB1d

axwell’s equation can be expressed for E and Ĥ in the
ollowing forms:

¹ 3 E = ik0Ĥ, sB2ad

¹ 3 Ĥ = − ik0eJE. sB2bd

ith ] /]y=0 and ] /]x= ikx, we can expand Eqs. (B2a) and
B2b) to six equations as

−
]Ey

]z
= ik0Ĥx, sB3ad

− ikxEz +
]Ex

]z
= ik0Ĥy, sB3bd

ikxEy = ik0Ĥz, sB3cd

−
]Ĥy

]z
= − ik0sexxEx + exyEy + exzEzd, sB3dd
− ikxĤz +
]Ĥx

]z
= − ik0seyxEx + eyyEy + eyzEzd, sB3ed

ikxĤy = − ik0sezxEx + ezyEy + ezzEzd. sB3fd

fter elimination of the longitudinal components, these
ix equations can be written in a matrix representation as

]

]z3
Ex

Ey

Ĥx

Ĥy

4 = ik0Q3
Ex

Ey

Ĥx

Ĥy

4 , sB4d

here

= 3
−

ezx

ezz
sin uk −

ezy

ezz
sin uk 0 1 −

sin2 uk

ezz

0 0 − 1 0

− eyx + eyz

ezx

ezz
− eyy + eyz

ezy

ezz
+ sin2 uk 0

eyz

ezz
sin uk

exx − exz

ezx

ezz
exy − exz

ezy

ezz

0 −
exz

ezz
sin uk

4
sB5d

rom the theory of linear algebra, diagonalizing the Q
atrix to get its eigenvalues and eigenvectors can solve

hese coupled equations. This eigensystem can be solved
y many numerical software programs. By this method,
e can express the diagonalized Q matrix as

Q = T3
q1

q2

q3

q4

4T−1, sB6d

here q1 to q4 are the eigenvalues of Q, and T is com-
osed of the corresponding eigenvectors. For simplicity,
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e intentionally adjust the q eigenvalues and the eigen-
ector matrix T in a way such that q1 and q2 are positive
nd q3 ,q4 are negative.
With the diagonalized Q matrix, we can further con-

uct a variable transformation of the tangential field com-
onents as

3
Ex

Ey

Ĥx

Ĥy

4 = T3
U1

U2

U3

U4

4 , sB7d

here T is expanded as

T = FT11 T12

T21 T22
G . sB8d

ubstituting Eq. (B7) into Eq. (B4), we can obtain

]

]z3
U1

U2

U3

U4

4 = ik03
q1

q2

q3

q4

43
U1

U2

U3

U4

4 . sB9d

quation (B9) comprises four uncoupled equations in
hich U1 and U2 represent the forward eigenwaves and
3 and U4 represent the backward ones. According to Fig.

2, the solutions of Eq. (B9) are

3
U1

U2

U3

U4

4
n,dn

= Gn3
U1

U2

U3

U4

4
n,0

, sB10d

here

Gn = 3
expsikz1dnd

expsikz2dnd

expsikz3dnd

expsikz4dnd
4 ,

sB11d

nd

kz1 = k0q1, sB12ad

kz2 = k0q2, sB12bd

ig. 12. Structure of nth sublayer with thickness dn. Notice
hat the bottom of this layer is the sn+1std layer.
kz3 = k0q3, sB12cd

kz4 = k0q4. sB12dd

or the forward eigenwaves, we can correlate the U1 and
2 values on the top and bottom surfaces of the nth layer

s

FU1

U2
G

n,dn

= FnFU1

U2
G

n,0

, sB13d

here

Fn = Fexpsikz1dnd 0

0 expsikz2dndG . sB14d

similar relation for the backward parts U3 and U4 can
e expressed as

FU3

U4
G

n,dn

= BnFU3

U4
G

n,0

, sB15d

ith

Bn = Fexpsikz3dnd 0

0 expsikz4dndG . sB16d

From Eqs. (B7) and (B8), the corresponding electric
elds can be expressed by the forward (1) and backward

2) eigenwaves as

FEx

Ey
G = FEx

Ey
G+

+ FEx

Ey
G−

= T11FU1

U2
G + T12FU3

U4
G .

sB17d

ccording to the fact that in conventional LCDs the back-
ard eigenwaves are negligible, from Eq. (B17) we obtain

he further expression:

FEx

Ey
G < FEx

Ey
G+

= T11FU1

U2
G . sB18d

ecause the x and y field components are continuous on
he interference of a layer, from Eqs. (B13) and (B18) and
ig. 12, electric fields between subsequent layers can be
orrelated as

FEx

Ey
G

n

+

= Je,n
+ FEx

Ey
G

n+1

+

, sB19d

here

Je,n
+ = sT11dnFnsT11dn

−1 sB20d

s the transforming matrix for forward tangential-field
omponents of subsequent layers. Here the layer index is
efined in the same way as shown in Fig. 2. For the neg-
igible backward field components, a similar relation can
e given as
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FEx

Ey
G−

= T12FU3

U4
G . sB21d

long with Eq. (B15) and Fig. 12, we can express the
ackward tangential-field components between subse-
uent layers by

FEx

Ey
G

n+1

−

= sJe,n
− d−1FEx

Ey
G

n

−

, sB22d

here

sJe,n
− d−1 = sT12dnsBnd−1sT12dn

−1 sB23d

s the transforming matrix. Here we intentionally express
he backward tangential components at layer n+1 by
hose at layer n to denote the incident wave in reflective
CDs.
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